Introduction
Recently, there has been an increasing interest in multiple research communities for the Unmanned Aerial Vehicles (UAVs) investigating on kinematics and dynamics, trajectory generation, guidance, navigation and control, especially for quadcopters [1, 2, 3, 4, 5, 6] . The quadcopters seem to become popular only 5 in the last decades but in fact, their concepts appeared more than a century ago. The first prototype, which was built in 1907 and named Brequet-Richet Email addresses: ngoc-thinh.nguyen@lcis.grenoble-inp.fr (Thinh Nguyen), ionela.prodan@lcis.grenoble-inp.fr (Ionela Prodan), laurent.lefevre@lcis.grenoble-inp.fr (Laurent Lefèvre) Gyrolane No.1, is reported to have lifted into flight [7] . Nowadays, quadcopters are being widely used in different domains and for many purposes such as research platform [1, 8, 3, 4, 5, 6] , military enforcement [9] , commercial use [10] 10 as well as being in concept for medical emergency [11] .
For the research area, quadcopters are challenging vehicles to control as they are not only strongly nonlinear and underactuated but also subject to many operating constraints. One feasible approach is to generate off-line a reference path that allows tracking of specific objectives (i.e., passing through a priori 15 given way-points, consumption minimization, state/input constraints satisfaction). Then, develop an effective tracking mechanism for the quadcopter to follow the reference at run-time [12] . As a result, generating a trajectory which respects the internal dynamics of the system and various external constraints, becomes part of the problem.
20
A popular solution for trajectory generation is the use of flat output characterizations [13] . These allow implicitly to validate the dynamics and may (with some difficulty) take into account constraints. There is a number of works like [3, 14, 15, 16] which employ differential flatness within the trajectory tracking control design. However, these approaches are lacking in several essential 25 
directions:
• simplified dynamics (usually the yaw angle and/or the thrust are kept constant) are used to generate the trajectory and hence tracking errors may ensue;
• part of the available information provided by the trajectory is discarded 30 at runtime (e.g., only position information is taken into account).
From the control point of view, there are various quadcopter control strategies like Lyapunov-based control [17] , classical PID control [18, 19] , LQR (Linearquadratic regulator) control [8, 18] , feedback linearization [3] or optimizationbased control [15] . Each of these approaches has some significant shortcomings: 35 • the control mechanism considers only altitude and attitude components and discards the rest of the state components [17] . As a remark, Lyapunov function and corresponding stabilization controller [20, 17] may be difficult to find in other specific cases (e.g., controlling the position and direction angle of the quadcopter system);
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• PID or LQR controllers (which are designed for a certain linearized model) are used to close the loop for the strongly non-linear dynamics of the quadcopter; this limits the performances of the scheme and requires for stay around the equilibrium point along which the linearization has been done [18, 19] ;
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• even when nonlinear dynamics are taken into account, simplifications and approximations are made (e.g., constant yaw angle [21, 3] , small angles [5] , constant velocity [12] ).
These simplifications for both trajectory generation and tracking mechanisms are apologized by the inherent complexity of the quadcopter dynamics 50 but they raise two questions: how can we make use of the full information provided by flatness? and, is it possible to control the quadcopter system considering its full behavior?.
To overcome the difficulties in processing the nonlinearities of a quadcopter system and all the above mentioned shortcomings, we propose in the rest of the 55 paper several contributions which, to the best of our knowledge, are new to the state of the art:
• construct a flat trajectory which provides positions, angles, thrust and torques, considering the nonlinear quadcopter dynamics (throughout the paper we use B-splines characterizations of the flat output and their prop-60 erties, which allow for optimal trajectory generation subject to way-point constraints [22] );
• delve into several control strategies based on the concept of feedback linearization which can control both orientation and position of the quadcopter system without any assumptions or simplifications on the system (as the assumptions of the nullified yaw angle [21, 3] or small angles [5] ).
The remaining paper is organized as follows. Section 2 presents and in-depth view of the kinematics and dynamics modeling of a quadcopter system. Section 3 presents the flatness-based quadcopter characterization which fully takes into account the system dynamics. Section 4 details some effective construc-70 tions for the rotation and attitude controllers of a quadcopter system based on feedback linearization. These constructions are further used to develop trajectory tracking control strategies making fully use of the information provided by flatness. Extensive simulation results and comparisons between the proposed control strategies are provided in Section 5 over a Crazyflie quadcopter system.
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Section 6 presents the conclusions and future work.
Quadcopter modelling
This section introduces the kinematics and the associated dynamics of the quadcopter using Newton-Euler formalism (more information can be found in [3, 4] ). The quadcopter will operate in two different coordinate systems: the body 80 reference frame (BF) which is attached to the mass center of the quadcopter and the inertial reference frame (IF) which is fixed to the ground (East-North-Up coordinates). Upper-scripts B and I will be used to denote a variable measured in the BF and in the IF, respectively.
Kinematics
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The angular position (or attitude) of the quadcopter is defined by the orientation of the BF with respect to the IF. In general, this relation is described through a 3D rotation matrix which is the product of the sequence of three successive rotations. For the quadcopter we apply the roll-pitch-yaw XYZ (φ, θ, ψ) sequence whose rotation matrix is 1 (similar results can be found in [3, 5] ):
The quadcopter has the angular velocity vector − → ω pointing along the axis of rotation. We use the right hand rule to determine the direction of the rotation corresponding to the one of the angular velocity vector. Therefore, the angular velocity vector − → ω looked from the BF B − → ω ω x ω y ω z 2 can be expressed in term of the attitude as (the inverse relation can be found in [3, 5] ):
where η φ θ ψ .
Dynamics
The quadcopter structure and the BF are presented in Figure 1 including the corresponding angular velocities ω i , torques τ i and forces f i created by the four rotors, with i = 1, · · · , 4. Furthermore, the total thrust force and torques acting on the quadcopter have the magnitudes as:
where L is the distance from the center of the quadcopter to any propellers.
Note that, expressing in BF, the thrust force is defined as − → B T 0 0 T and − → τ φ , − → τ θ , − → τ ψ have corresponding directions along the three axes of BF.
Translation equation
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In the IF, assuming that the centrifugal force is nullified, hence, only gravitational force, m − → g , thrust force, − → B T and external perturbation force (most commonly, friction), − → F D are contributing to the acceleration of the quadcopter:
where ξ x y z represents the quadcopter position, the thrust force − → B T has the magnitude defined in equation (5) and the perturbation force − → F D will be 110 detailed later in Section 2.2.3.
Rotation equation
While it looks convenient to have the linear equations of motion in the IF, the rotational equations are more useful in the BF. We assume that the quadcopter 115 has a symmetrical construction, hence, the inertial tensor B I is a diagonal matrix:
In vector form, the Newton-Euler rotational equation for the quadcopter in BF taking into account the gyroscopic force is defined as:
where '×' denotes the cross-product of two vectors and τ η τ φ τ θ τ ψ gathers 120 the roll, pitch and yaw torques which have been detailed in equations (6)-(8).
Perturbation force
In order to make the model more realistic and able to take into account air disturbances, we model the external perturbation force triggered by the quad-125 copter motion and the external wind. Based on the definition of friction force found in [23] , the vector of global friction force is given by:
where ρ is the surrounding fluid density, C D is the drag coefficient,
is the vector of relative motion between the wind speed − → w and the quadcopter velocityξ. In equation (12) , the projected area A is calculated by the following 130 relation:
where A x , A y , A z , which depend on the designed structure of the quadcopter, describe the projected areas into YZ, XZ, and XY planes of the BF. In equation 
Flat characterizations
This section introduces first some basic definitions and notions on differential flatness and B-splines parametrization [22, 12] . Next, a novel flatness-based characterization which fully takes into account the dynamics of the quadcopter system is described. Consider a general system:
where x(t) ∈ R n is the state vector and u(t) ∈ R m is the input vector. The nonlinear system written in general form as in equation 14 is called differentially flat if there exists a flat output z(t) ∈ R m :
such that the states and inputs can be algebraically expressed in terms of z(t) and a finite number of its higher-order derivatives: 
Parameter n in equation (17) depends on the number of constraints imposed onto the system [25] .
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There are multiple choices for the basis functions Λ i (t). Among these, Bspline basis functions are well-suited to flatness parametrization due to their ease of enforcing continuity and because their degree depends only up to which derivative is needed to ensure continuity [26, 27] .
A B-spline of order d is characterized by a knot-vector [28] :
of non-decreasing time instants (τ 0 ≤ τ 1 ≤ · · · ≤ τ m ) which parametrizes the associated basis functions B i,d (t):
for d > 1 and i = 0, 1 . . . n = m − d. Considering a collection of control points
we define a B-spline curve as a linear combination of the control points (20) and the B-spline functions (19a)-(19b):
where
. This construction yields several interesting properties which are enumerated in [22] .
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Let us consider now a collection of N + 1 way-points and the time stamps associated to them:
for any k = 0 . . . N . The goal is to construct a flat trajectory which passes through each way-point w k at the time instant t k , i.e., find a flat output z(t)
such that
Within the B-spline framework (21) we provide a vector of control points (20) and its associated knot-vector (18) such that condition (23) is verified:
Let us assume that the knot-vector is fixed (τ 0 = t 0 , τ n+d = t N and the inter-
. . , τ n are equally distributed along these extremes). Then, we can write an optimization problem with control points p i as decision vari-180 ables 4 whose goal is to minimize a state and/or input integral cost Ξ(x(t), u(t)) along the time interval [t 0 , t N ]:
with Q a positive symmetric matrix. The cost in (25) can impose any penalization we deem necessary (length of the trajectory, input variation/magnitude, energy minimization and the like). 
Flatness-based system representation
By replacing the rotation matrix (1) in the translation equation (9) and disregarding the perturbation force as well as replacing the inertia tensor (10) 4 Since the B-spline curve is clamped (see for more details [22] ) it means that the extreme control points are already fixed:
in the rotation equation (11), we obtain the matrix form of the quadcopter dynamics:
Considering the nonlinear dynamics (26) we derive the following flat output vector z ∈ R 4 whose dimension equals to the number of inputs T τ φ τ θ τ ψ :
which will be used to describe the remaining states and inputs (roll, pitch, yaw, thrust and the like):
Gathering the angular velocity detailed in (2) into the rotation equation (11), we obtain the torques described in term of the angular positions:
which can be easily interpreted in the flat output space by introducing (29)- (31) and which we do not show here due to their convoluted representation.
With respect to the notation in (16), mapping Υ 1 (·) comes from (28)- (31) (with a derivation degree q = 3) and mapping Υ 2 (·) from (32) and the expansion of (33) (with a derivation degree q + 1 = 4). For further use we denote
, Υ τη (·) the mappings which map z into the corresponding variable (e.g., ξ = Υ ξ (z)).
Remark 2. Note that, there exist necessary and sufficient conditions for differential flatness as well as the "sequential" 5 procedure used to test if the system 200 is flat [24] . Some insights on the procedure are summarized here.
Considering the general system (14) with f smooth, under several specific conditions described in [24] , there exists an underdetermined implicit system F with dimension of n − m satisfying [24] :
where n is the number of states and m is the number of inputs.
205 Equation (34) shows that n-m implicit functions F suffice to express the dynamics of f. Consequently, we may find m variables which can be used to express all the remaining n − m variables. These m variables can be taken as the flat outputs used to describe the rest of the states and the inputs. Similarly, we can follow the sequential procedures provided in [24] to feasibly obtain the 210 flat output representation.
For our particular case (26), (27) , the two important implicit functions are:
One can easily describe φ, θ in terms of the four other states. As a result, the conventional flat output is proposed as z = z 1 z 2 z 3 z 4 = x y z ψ which has been researched before [29, 21, 3] . We found that the 'naive' approach of taking z 4 = ψ leads to extremely convoluted calculations, therefore, we introduce 215 a new formulation in (28).
Remark 3. Other remarks can be made over the simplified version of flat representation usually employed in the state of the art [29, 21, 3] . Assuming that yaw angle equals to zero, the formulation (29), (30) simplifies to:
The problem is that while tracking this trajectory the real dynamics will actually vary the yaw angle (a possible solution not followed here is to track ψ = 0 at the runtime). We do not follow these assumptions in the present paper since we want to exploit all the degrees of freedom, thus fully taking into account the 220 nonlinear system dynamics (including the yaw angle).
Solving (25) over a B-spline parametrization as in Section 3.1 with the flat representation from (28)- (33) we have the general mapping:
where the flat outputz, the flat statesξ,η and the flat inputsT ,τ are given by (28)-(33).
Control design for trajectory tracking
This section introduces first the general control strategy usually employed 225 in the literature for a quadcopter system. Next, we propose two control design strategies based on the concept of feedback linearization and facilitated by the flatness construction detailed in Section 3.2. These first two strategies built for two different missions, control the attitude and the torques of the quadcopter, pave the way for additional control strategies which make more use of the infor-230 mation provided by the a priori generated flat trajectory, i.e., positions, angles, accelerations, thrust force. The idea behind the next three strategies is to use the attitude and torque controllers combined with appropriate input references obtained from the flatness procedure introduced in Section 3.
General control scheme
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A typical control scheme for quadcopters (and UAV systems in general) is depicted in Figure 2 . The preferred approach is to consider two control layers, thus ics. These will be introduced in the forthcomming control design strategies via flatness for trajectory tracking.
Torque controller
The proposed torque controller design builts upon the computed torque control concept which is a special application of feedback linearization of nonlinear 260 systems (basic notions and details on feedback linearization and, in particular, computed torque control can be found in [30] , [20] ). It has gained popularity in modern system theory by providing excellent tracking performance through nonlinear compensations (assuming a precise dynamic model is available [31] ).
Consider the reformulation of the rotational dynamics (33) as:
with mappings M (η), V (η,η) of appropriate content, i.e, M (η) = B IW and
By using the partitioned controller scheme introduced in [30] , we take the control law for angle torques as:
where α, β named model-based portion and τ named servo portion are taken as:
Introducing (39) into (38) leads to a linear error dynamics:
Note that suitable parameters K pη , K dη , K iη (diagonal matrices from R 3 ) need to be chosen in (41) so that the system is stable. To this end the following proposition is introduced.
Proposition 1. Consider a third order linear dynamic system with the bounded and continuous input U (e.g., perturbation triggered by a bounded and continu-275 ous wind gust) and the output E which is the scalar error between specific state and its reference:Ë
By choosing the scalar parameters K p , K d , K i satisfying the conditions:
the system (42) is uniformly asymptotically stable.
Proof. Gathering k(t) = t 0 E(τ )dτ ⇔ E =k into (42), we arrive to the new 280 system in terms of k(t):
Applying the Laplace transform of K(s) = L(k(t)) and U (s) = L(U (t)) for (44), we get:
This linear time-invariant system (44) is BIBO stable , or in other words, the characteristic equation has all its roots with negative real parts if and only if parameters K p , K d , K i satisfying condition (43) which is the Routh-Hurwitz criterion.
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With bounded input U , the system results in bounded output k(t) over the time interval [t 0 , ∞):
Next, we use the Barbalat's lemma [20] which states that a continuous function f (t) satisfying lim t→∞ f (t) = α, α < ∞, its continuous derivative f (t) satisfies lim t→∞ f (t) = 0. Consequently, mapping f (t), f (t) to appropriate contents, e.g.,
t 0 E(τ )dτ and E(t) respectively, we already obtained the condition 47 and since U (t) is continuous, it leads to the continuous E(t). As the result, we come 290 to the conclusion lim t→∞ E(t) = 0. Thus completing the proof.
Attitude controller
In general, the attitude controller provides the thrust force T and the an- Considering the roll, pitch, yaw angles and input thrust T in terms of the flat output described in equations (29)- (32), they can be particularly expressed as
We provide the reference to be followed (the output of the attitude controller from the scheme in Figure 2 ) as:
where the corrective term ξ * z * 1 z * 2 z * 3 is given as:
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Taking into account the external perturbation force, gathering equations (48) into the translation equation (9) leads to the following relation:
which results in the error dynamics:
similarly to Proposition 1.
In what follows, the attitude and torque controllers will prove useful for 305 additional strategies which allow feedback control via planned flat trajectory.
Flat angle tracking
Starting from the lower level and using only the torque controller introduced in Section 4. generation (insertion at points B and B in Figure 2 ):
Then, the torque controller gives the angle torques τ η as detailed in Section 4.2.
According to Proposition 1, the quadcopter rotating system will be asymptotically stable.
Applying this strategy, the angle tracking leads actually to the position 
Flat position tracking
This controller which is based on the attitude controller presented in Section (48) but in terms ofz 4 in stead of z 4 .
-The angle torques τ η are calculated based on the rotation equation (33) in terms of η ref , then, sent to the quadcopter system (insertion at point C).
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This controller, as we will also validate through simulations, achieves the good results for position tracking. Note that, the quadcopter position can be straightforward to be observed by using GPS (Global Positioning System). One solution is through the use of the technique called differential GPS or dual frequency GPS which gives a resolution of 1 m, if a second static receiver at a 340 known exact position is employed [20] . However, the open-loop functioning for angle of this strategy generates various errors of yaw angle ψ.
Next, a combination of the two above procedures is discussed.
Combined flat angle and position tracking
Considering the two previous strategies, we recognized the necessity of both results which will be demonstrated and compared in the next section.
Simulation results and comparison
In this section, we first present simulation results of our control strategies introduced in section 4. Then, various comparisons of our contributions with other flatness-based control approaches [15, 21, 3, 32] are provided. We implement the optimization problem (25) by choosing to minimize the total trajectory length and to pass through the a priori given way-points in a total time T = 10s. We consider B-spline basis functions of degree d = 6 and a collection of 12 control points as in (20) for the flat output parametrization.
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The resulting trajectory, position, angles 7 , thrust and torques are depicted in Figure 3 and Figure 4 . 
Discussions
Detailed comparisons are difficult to provide since most of the papers treating this topic provide incomplet data for the flatness generation and inner control loops design makes a point-by-point simulation hard to accomplish, we note, 2. The flat output parametrizations often use simple representations (monomials in [15] or cubic splines in [21] ). These implementations strongly limit the number of constraints which can be considered and may lead to numerical issues. In contrast, the b-spline parametrization used in this 435 paper offers smoothness guarantees, is impervious to the number of constraints (in the sense that the degree of the functions does not depend on them) and, most importantly, offers an analytical framework for cost minimizations (e.g., for trajectory length). 5. An aspect sometimes neglected [15, 21] is the difference between angular velocities and the Euler angles rates (an acceptable assumption for small roll and pitch values). While this simplification leads to simpler torque and angle formulations it becomes imprecise at large roll and pitch values and leads thus to imprecise angle tracking. Therefore, while [15, 21] propose 465 strategies similar with the flat position tracking from Section 4.5, our approach can accurately handle the nonliniearities introduced by the Euler angles and permits to track the position components.
Conclusions
This paper addressed the challenging trajectory tracking problem for quad- 
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The original contributions stem from:
• the flat trajectory construction for the strongly nonlinear quadcopter system which provided positions, angles, thrust and torques;
• the control strategies based on feedback linearization (i.e., flat angle tracking, flat position tracking) which allowed both orientation and position 485 control without any simplification on the quadcopter system.
Future work will concentrate on the introduction of bounded/stochastic disturbances and trajectory reconfiguration mechanisms.
namics (26)- (27) Appendix A.1. Position, angle and thurst components of the quadcopter dynamics (26)- (27) Position components expressed in term of the flat output:
Angle components expressed in term of the flat output:
Thurst expressed in term of the flat output: 
